Abstract. In [14] , Simon proved a conformal positive mass theorem, which was used to prove uniqueness of black holes [9, 5] . In this note, we will generalize Simon's conformal positive mass theorem in two directions. First we will consider spacetime version of conformal positive mass theorems on asymptotically flat initial data set. Next, we will prove a conformal positive mass theorem on asymptotically hyperbolic manifolds.
introduction
In [14] , motivated by the work of Masood [10] , Simon proved two conformal positive mass theorems. The following version has been used to prove some uniqueness results for charged black holes, see [9, 5] : Suppose (M n , g) is asymptotically flat manifolds. For simplicity, let us assume that M has only one end. If n > 3, we also assume that M is spin. Suppose f is a smooth function so that e 2f g is also asymptotically flat. If the scalar curvature S of g and the scalar curvature S of g = e 2f g satisfies S + αe 2f S ≥ 0 for some α > 0, then the ADM masses m(g) of g and m( g) of g satisfies m(g) + αm( g) ≥ 0
Moreover, equality holds if and only if g, g are the same and are flat. In [15] , the second author generalized the above result to asymptotically flat manifolds with compact inner boundary.
In this note, we will generalize Simon's result in two directions. First we will consider spacetime version of conformal positive mass theorems on asymptotically flat initial data set. Next, we will prove a conformal positive mass theorems asymptotically hyperbolic manifolds. We always assume the dimension of the manifold is at least three. We obtain the following: Theorem 1.1. Let (M n , g, K) be an asymptotically flat initial data set. If n > 3, we also assume the manifold is spin. Let f be a smooth function which decays in an appropriate way so that (M n , e 2βf g, e βf K) is also an asymptotically flat initial data set for all 0 < β ≤ 1. Let g = e 2βf g, K = e βf K. Suppose
Then the energy-momentum vector (E, P ) for g and the energy-momentum vector ( E, P ) satisfies
Moreover, if (1 − β)E + β E = 0, then f = 0 and (M, g) can be isometrically embedded in the Minkowski space as an asymptotically flat Cauchy surface with second fundamental form K.
Here as usual 2µ := S − |K|
µ, J are defined similarly for g, K. For more precise statement and definitions of asymptotically flat initial data set, see section 2.
We also obtain a positive mass theorem for asymptotically hyperbolic spaces.
) be an asymptotically hyperbolic space. If n > 3, we assume the manifold is spin. Let f be a smooth function so that e 2βf g is also asymptotically hyperbolic. If the scalar curvature S of g and S of e 2f g, satisfy
then the mass integral M(g) of g and the mass integral M( g) satisfy (1 − β)M(g) + βM( g) is future time like or zero. If it is zero, then f = 0 and (M, g) is isometric to the hyperbolic space.
Again the precise definitions of asymptotically hyperbolic space and the mass integral are in section 3. We also prove a related results for asymptotically hyperbolic spaces with inner boundary. See section 3 for more details.
Our proofs are just applications to known results on various positive mass theorems [13, 17, 12, 3, 1, 16, 2, 7] . What we have done is to compute various quantities so that one can apply known results directly. We will point out what kind of positive mass theorems we use in appropriate places.
The organization of this note is as follows: In section 2 we discuss spacetime version of conformal positive mass theorems for asymptotically flat initial data sets. In section 3, we discuss conformal positive mass theorems on asymptotically hyperbolic spaces.
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2. spacetime conformal positive mass theorem for asymptotically flat manifolds
In this section, we obtain a spacetime version of conformal positive mass theorem on asymptotically flat (AF) manifolds. First we recall the following facts, see [8] for example.
) be a Riemannian manifold. Let f be a smooth function on M and let g = e 2f g.
Here Γ k ij , Γ k ij are Christoffel symbols with respect to local coordinates; R ij , R ij are Ricci tensors; S, S are scalar curvatures of g, g respectively. f ;ij is the Hessian of f with respect to g.
is said to be an asymptotically flat initial data set if g is a smooth complete metric on M, K is smooth a symmetric (0,2) tensor such that outside a compact set M consists of finitely many ends. Moreover each end N is diffeomorphic to R n \ B(R) for some R so that in the standard coordinates of R n , near infinity
for some τ > max(1/2, n−3) for all i, j, k, where r = |x| is the Euclidean distance from the origin. In addition, near infinity
for some ǫ > 0, where
Let (M, g, K) be as in the definition. Let f be a smooth function and let 0 < β ≤ 1. Consider the metric g = e 2βf g and K = e βf K. Define µ, J as in the (2.1) with respect to g, K. Then we have the following relation.
Lemma 2.2. With the above notations,
, and
Proof. Let S be the scalar curvature of g, then by Lemma 2.1,
Let ∇ be the covariant derivative with respect to g.
In local coordinates, by Lemma 2.1, let
On the other hand,
By (2.3), (2.4), we have
is an AF initial data set and let τ and ǫ > 0 be as in Definition 2.1. Let f be a smooth function on M. Suppose at each end
for some C > 0 where r = |x| and x is the coordinates of an end in the definition of AF initial data set. Then for any 0 < β ≤ 1, (M n , e 2βf g, e βf K) is also an AF the initial data set.
Proof. Letḡ = e 2βf g andK = e βf K, then at each end, by the assumptions on f , it is easy to see that near infinity
for some C > 0 for all i, j, k. On the other hand, it is easy to see that 2 + 2τ > n. The results follows from Lemma 2.2.
Corollary 2.2. With the notations as in Lemma 2.2, let g = e 2f g,
and
Proof. By Lemma 2.2 with β = 1, we have
By Lemma 2.2 again, we conclude that the first equality in the lemma holds. The second equality can be proved similarly.
To prove the last inequality,
The result follows.
Let us recall the ADM energy momentum vector of an AF initial data set. Definition 2.2. Let (M n , g, K) be an AF initial data set. At each end, in AF coordinate chart, the ADM energy E and the ADM momentum P are defined as follows:
Here S r is the coordinate sphere {|x| = r}, ν 0 is the Euclidean unit outward normal of S r and dσ r is the area element on S r induced by the Euclidean metric and ω n−1 is the volume of the unit sphere in R n .
Lemma 2.3. Let (M n , g, K) be an AF initial data set. Fix an end E of M. Let τ , ǫ be as in Definition 2.1. Let f be a smooth function such that
for some C > 0 where r = |x| and x is the coordinates of E in the definition of AF initial data set. Let 0 < β < 1, and let g = e 2βf g, K = e βf K; g = e 2f g, K = e 2f K. Let (E, P ), (E, P ), ( E, P ) be the energy-momentum vectors at E of (M, g, K), (M, g, K) and (M, g, K) respectively. Then E = (1 − β)E + β E; P = P = P.
Proof. The relation E = (1 − β)E + β E has been observed by Simon [14] , see also [9] and [5] . On the other hand,
Since |e f − 1| ≤ Cr −τ , |K ij | ≤ Cr −1−τ and τ > max{1/2, n − 3}, which implies 1 + 2τ > n − 1, we have P = P . Similarly, P = P . Theorem 2.1. Let (M n , g, K) and f be as in Lemma 2.3. If n > 3, we also assume that M n is spin. Let 0 < β < 1 and let g = e 2βf g, K = e βf K; g = e 2f g, K = e 2f K. Define µ, J; µ, J; µ, J as in Lemma 2.2 Suppose
Then for any end E, if (E, P ), (E, P ), ( E, P ) be the energy-momentum vectors at E of (M, g, K), (M, g, K) and (M, g, K) respectively, then
If (1 − β)E + βe 2f E = 0 for an end, then f = 0 and (M, g) can be isometrically embedded in the Minkowski space (R n+1 , η ab ) as an asymptotically flat Cauchy surface with second fundamental form K.
Proof. By Corollary 2.1, (M, g, K) is an AF initial data set. Suppose
then µ ≥ |J| g by Corollary 2.2. By the spacetime positive mass theorem [13, 17, 12, 3, 1] , we see that on each end the energy-momentum vector of (M, g, K) satisfies: E ≥ |P | which is equivalent to
by Lemma 2.3. Moreover, if (1 − β)E + β E = 0 for an end, then (M, g, K) can be isometrically embedded in the Minkowski space as an asymptotically flat Cauchy surface with second fundamental form K. Also µ = J = 0. In particular, M has only one end, and ∇f = 0 by Corollary 2.2 and the assumption that
Hence f = 0 because f → 0 at infinity. Therefore, (M, g, K) = (M, g, K) and the last assertion of the theorem is true.
Remark 2.1. Using different version of positive mass theorems, we may obtain corresponding conformal positive mass theorems. For example, if n < 8 we may use the result [4] to obtain a corresponding conformal positive mass theorem without assuming the manifold is spin.
conformal Positive Mass Theorem for asymptotically hyperbolic manifolds
Let us recall the definition of an asymptotically hyperbolic (AH) manifold and the total mass integral of such an manifold. For simplicity, we assume the manifold has only one end. We use the definition of an AH manifold as in [2] , see also [16, 18] . Let H n denote the standard hyperbolic space, the metric b is given by
where h 0 is the standard metric of the unit sphere S n−1 . Let e i = φ i sinh ρ and e 0 = ∇ρ |∇ρ| be an orthonormal frame for b, where {φ i } i=1,··· ,n−1 is a local orthonormal frame for h 0 .
) is called asymptotically hyperbolic (AH) if, outside a compact set, M is diffeomorphic to the exterior of some geodesic sphere Σ ρ 0 in H n such that the metric components g ij = g(e i , e j ), 0 ≤ i, j ≤ n − 1, satisfy
. Moreover, we assume S g + n(n − 1) is in L 1 (H n , e ρ dv 0 ), where dv 0 is the volume element of b and S g is the scalar curvature of g.
Next we want to define the mass integral on an AH manifold. There are equivalent expressions for the mass integral. It is more easy to express the mass integral in terms of the Ricci tensor by the result of Herzlich [6] . The mass integral is defined as a linear functional on the kernel of the formal adjoint of the linearized scalar curvature (DS) * b . To be precise, using the ball model for H n , so that B n = {x ∈ R n | |x| < 1}
and b ij = 4 (1 − |x| 2 ) 2 δ ij . Consider the conformal Killing vector fields
On the other hand, let θ = (θ 1 , . . . , θ n ) ∈ S n−1 ⊂ R n , the functions
which form a basis of the kernel of (DS) *
where Σ ρ is the geodesic sphere of radius ρ centered at x = 0 in (B n , b), ν g is the outward unit normal to Σ ρ with respect to g, dσ g is the volume element on Σ ρ of the metric induced by g, c n = 1/(n − 1)(n − 2)ω n−1 and ω n−1 is the volume of the standard sphere S n−1 . Here
Lemma 3.1. Let (M n , g) be a Riemannian manifold. Let f be a smooth function on M and let 0 < β ≤ 1. Define g = e 2βf g and g = e 2f g. Then
where S, S, S are the scalar curvatures of g, g, g respectively.
Proof. (i) follows from Lemma 2.1 immediately.
(ii) By Lemma 2.1 and the definition of G, we have
From the above two relations, the result follows.
Lemma 3.2. Let (M n , g) be an AH manifold as in Definition 3.1. Let f be a smooth function on M such that
g. Then the mass integrals of g, g, g are related as follows:
Proof. First note that g and g are also AH. On the other hand, if ν b is the unit outward normal of Σ ρ and dσ b is the volume element of Σ ρ with respect to b, then (see [11] for example): Since |∇ g f | = O(e −τ ρ ), by Lemma 3.1(ii), the result follows.
Theorem 3.1. Let (M n , g) is an asymptotically hyperbolic spin manifold and let 0 < β ≤ 1, f , g, g be as in Lemma 3.2. Suppose e −2βf (1 − β)S + βe 2f S ≥ −n(n − 1), and S + n(n − 1), S + n(n − 1) are in L 1 (e ρ dv 0 ). If M has a connected inner boundary Σ, then we assume Σ has positive Yamabe invariant Y (Σ) in the conformal class of g and the mean curvature H g with respect to the unit outward normal ν and g satisfies: where ν is the unit normal pointing insider M. Then (1 − β)M(g) + βM( g) is future pointing timelike or zero. It is zero then f = 0, (M, g) has an imaginary Killing spinor field, Σ is totally umbilical with respect to g carrying a real Killing spinor. In particular, (M, g) is Einstein.
